


Sasaki-Einstein metrics on spheres

Cj.w. Yuchen Liv andTavo Sano

↓Introduction (M,z) cptRiemannian manifold, die M odd

(M,z) is Sasakian if /C(M) =MxRao, g =r8+dr2)
r is the coordinate on Ro is Kahler

(Mig) is Sasaki-Einstein it I is Kahler and Ricci flat

e Einstein

Toolay:on spheres

Example:(-, get is Sasaki-Einstein



c(g"
-) =G" - 404

Homotopy sphere: I"real optadimensional manifold

Chomeo al homotopy equin. to S'

Boyer- Galicki-Kollar 05: I several SE metrics or

dy homotopy sphere + that bounds parallelizable
manifolds.

Conj: All odd dimensional homotopy spheres thatbound

parall. manifolds admits SE metric.

Collies-Szekelyhibi is I a-many SE metrics on the standard 35



sonj: I-navy SE metrics on every standard ga-, na 3

The (-) Any homotopy sphere Sih-1 that bounds

Paralh. manifolds admits y -many SE-metrics,a= 3.

6 The construction

a
=(a0, as,

...,
an)tD**n =3

an

di1
n +1

Let Y(e) =(z° +zi+... +z
=v) =D

Brieskorn-Phan singularity.

Facts: The link((e) =Y (e) n S** is a smooth

Milnor'68 compactsimply connected (2n - 1) - manifold

thatbards a peal mild.



Letb =(m(ai), bi =1
ai

4**Y(e) =

"
+ 2

-50) X. (20, ..,z) =(x*zo, . . , xz)
↓ ↓

Xorb =IP(do, . .,du)

Fact (B6) ((e) admits a SE metric it xorb
admits a Faco KE-metric.

Th (1) Assume a = 2... zan. Then yord admits

a KE-metric ift 1<Yet En
Rock:The condition (Lichneroism obstruction)was known



to be necessary.

Proof. Xorb Eno itt -EdicO El 13
On

ob
Let CX, A) be a pair associated to X:

9j
= gad Co, ... tj, ..,bu), a =aixgi,9:90gn

X =3 ze"+. . +z,3
=P(b,...,() =

:P
A
well

x =2!(1 - 2) Hi formed

Hi =(zj =3)nX

This (Collins-Stekelshidil x
**

admits a RE-metric

it (x, A) is K-polystable.



Take 1: P'-s pr (70 ... zn] - It. .. z ="I

kx +1x =i* (kn +Ei(1 -2)(i) where

2 =3r+ .. +a
=0),ki =2nha =o

Edracy:(X, A) is K-postable ift

(2, 5 (n - 2)) i K-poly

Fujita:tells you when hypeplace wrass. are Koos.
i



to Homotopy spheres (n =3)

Kervaire - Milnor: On-s - ↳Brothees/Ite
finite
-

V

ab. grou bPcn:classes
ofspheres

that bound

parall. manifold

n =2m +1 -do bPanzz is either 0 or The

n =2 m even braman is cclic of order

↳

1bPamz1 ~ 2



Prik: 07 =bPg

Recall: y(a) =1 +i +... + z? =0), L(e) link

Ste) :graph:is
vertices an

asand as are connected(itj) itt

yad (ai, aj) #1.

The (Brieskorn) It 6(e) contains atleasttwo isolated
m

vertices, then L(e) is a homotopy sphere.

n
=2m even Assume thatL(e)ebPam. The

difteomorphism type of L (a) is determined by



I
<(e) God (bPaml where

<(e) has a combinatorial expression depending a mi

Brieskorn spheres:a=(2,2, . . .,2,3,6k11), 1
=2m

LCe)-bPan, d =( - 2)"K, so

8

all elements is bram are taken.

Our condition: R

:IE: 1 -an



Our examples:Take Kc2,
...,
IbPaulY and

9 =a
=2, ec = ... en-2:P, easPt1

en
=

p +l

wher l =6k - 3
- P

=2 mod me(l - 2) (bPamI
For psso, ((ep) admits SE-metrics

Proposition:[(ep) is a polynomial in P

=>[(ep) =G1)" K God IbPan).


